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Ž . Ž . ŽLet R, m be a local ring commutative and Noetherian . If R is complete or,
.more generally, Henselian , one has the KrullSchmidt uniqueness theorem for
direct sums of indecomposable finitely generated R-modules. By passing to the
ˆm-adic completion R, we can get a measure of how badly the KrullSchmidt
theorem can fail for a more general local ring. We assign to each finitely generated
Ž . nR-module M a full submonoid  M of  , where n is the number of distinct
ˆindecomposable direct summands of R M. This monoid is naturally isomorphicR
Ž .to the monoid  M of isomorphism classes of modules that are direct summands
of direct sums of finitely many copies of M. The main theorem of this paper states
that every full submonoid of n arises in this fashion. Moreover, the local ring R
realizing a given full submonoid can always be taken to be a two-dimensional
unique factorization domain. The theorem has two non-commutative conse-
Ž .quences: 1 a new proof of a recent theorem of Facchini and Herbera characteriz-
ing the monoid of isomorphism classes of finitely generated projective right
Ž .modules over a non-commutative semilocal ring, and 2 a characterization of
Ž .the monoids  N , where N is an Artinian right module over an arbitrary ring.
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Suppose we wish to determine how badly the KrullSchmidt uniqueness
theorem fails for direct-sum decompositions of finitely generated modules
over a given ring. One approachthe one we will follow hereis to
Ž .associate to a given finitely generated module M the monoid  M
consisting of isomorphism classes of modules that are direct summands of
Ždirect sums of finitely many copies of M. For example, M might be the
direct sum of a bunch of indecomposable modules demonstrating failure of
.the KrullSchmidt theorem. The structure of these monoids tells us
exactly how badly the KrullSchmidt theorem can fail. Suppose, for
Ž . Ž . 3example, that we determine that  M  a, b, c   a 4b	
4 Ž .5c , with M corresponding to 1, 1, 1 . The minimal elements of , namely,
Ž . Ž . Ž .1, 1, 1 , 0, 5, 4 , and 5, 0, 1 correspond to the indecomposable modules in
Ž . M . In particular, M is indecomposable. Moreover, writing aM for the
direct sum of a copies of M, we see that 2 M, 3M, and 4M all have unique
representations as direct sums of indecomposables. However, 5M	 P
Q,
where P and Q are the indecomposable modules corresponding to the
other two minimal elements of . In this way we can completely describe
the decompositions of direct sums of copies of M.
In Section 1 of this paper we review basic terminology concerning
Ž .monoids and describe a natural isomorphism between  M and a certain
Ž . n Žfull submonoid  M of  where n is the number of distinct indecom-
.posable factors of the completion of M . Also in Section 1, we develop
Ž .some machinery to use in Section 2 and prove that  M is an expanded
submonoid of n if M is a torsion-free module over a one-dimensional
analytically unramified local domain.
The main results of this paper characterize the submonoids of n that
arise in this fashion. We give two separate constructions to realize these
monoids: In Section 2 we show that every expanded submonoid of n can
be realized by a torsion-free module over a suitable one-dimensional ring,
Ž .and in Section 3 we treat the more general full submonoids. The first
construction is straightforward: All we need is an irreducible curve singu-
larity with lots of analytic branches, one of which has high multiplicity. The
second construction is less explicit: We start with a two-dimensional
complete normal domain A with large divisor class group and then employ
 a remarkable theorem of Heitmann He to get a local unique factorization
domain whose completion is A. Both of these constructions depend on the
fact that we know exactly which torsion-free, respectively, reflexive mod-
ˆules over the completion R are extended from R-modules. In Section 4 we
introduce a little non-commutativity and apply our results to give a new
Ž .proof and somewhat stronger statement of a recent result of Facchini
 and Herbera FH . Also in Section 4, we obtain a characterization of the
Ž .monoids  N , where N is an Artinian module over an arbitrary ring.
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Except in the last section, Section 4, all rings are commutative and
Noetherian.
1. THE MONOID ASSOCIATED TO A MODULE
Ž .Conentions and Notation. Throughout this section R, m is a commu-
ˆtative, Noetherian local ring with m-adic completion R, and M is a
ˆ ˆnon-zero finitely generated R-module with completion M	 R M. WeR
 denote the isomorphism class of an R-module N by N . The direct sum
of a copies of a module N is denoted by aN. The notation P Q means
that the module P is isomorphic to a direct summand of the module Q.
The monoid of non-negative integers is denoted by , and, as usual, , ,
, and  denote the sets of integers, rationals, reals, and complex
Ž .  numbers, respectively. We denote by  M the monoid N : N  tM for
4     some t , where the monoid operation is given by N  N 	 N1 2 1

N .2
ˆWrite M	 a L 
 
 a L , where the L are pairwise non-isomor-1 1 n n i
ˆphic indecomposable R-modules and the a are positie integers. Thei
positive integers n, a and the modules L are determined up to isomor-i i
phism and reordering. We will keep this notation and the ordering of the
Ž .indecomposables L fixed for the rest of this section. Let  M denote thei
n Ž .submonoid of  consisting of those n-tuples  b , . . . , b such that1 n
ˆb L 
 
 b L N for some finitely generated R-module N. We1 1 n n
 recall the following definitions from BH :
1.1. DEFINITION. Let n. Then  is an expanded submonoid of n
provided 	 En for some -subspace E of n. More generally,  is
a full submonoid of n provided 	G for some subgroup G of the
additive group n. Note that  is expanded if and only if it is of the form
Ž . n Ž .Ker   for some m n matrix  with entries in  or  . These
 monoids are studied extensively in the first chapter of Stanley’s book S .
ˆ ˆ  Ž .Suppose now that N  M . Since N  tM for some t, we can
ˆwrite N b L 
 
 b L with b . Again, the n-tuple 1 1 n n i
Ž .  b , . . . , b is uniquely determined by the isomorphism class N . We let1 n
Ž . Ž .  : M  M be the map taking N to the n-tuple  determined in
Ž .this way. We will show that  is a monoid isomorphism from  M onto
Ž . M .
It is well known that two finitely generated R-modules with isomorphic
completions are already isomorphic over R. We need a refinement of this
 fact, which follows easily from the results in G . A direct proof, essentially
   the same as that of a special case in RR , appears in W1 :
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1.2. PROPOSITION. Let N and N be finitely generated R-modules. If1 2
ˆ ˆ ˆ ˆN N , then N N . In particular, if N N , then N N .1 2 1 2 1 2 1 2
Ž . Ž . Ž .1.3. PROPOSITION. 1 The map  : M  M defined aboe is an
isomorphism of monoids.
Ž . Ž . n2  M is a full submonoid of  .
Ž .Proof. 1 The map  is clearly a homomorphism of monoids, and it is
Ž .injective by the last sentence of 1.2 . To prove that  is surjective, let
Ž . Ž .	 b , . . . , b  M . There is a finitely generated R-module N such1 n
ˆ Ž . Ž .that N b L 
 
 b L . Let 	 a , . . . , a 	  M . Since each a1 1 n n 1 n i
ˆ ˆis positive, we can choose t so large that t  ; then N  tM. Therefore
  Ž . Ž . Ž .N  M by 1.2 , and  N 	 .
Ž . n Ž .2 Let G be the subgroup of  generated by  M . Given 	G
n Ž . , write 		 	  	 , with 	  M . Choose finitely generated2 1 i
ˆ ˆŽ .modules N such that  N 	 	 . Since 	  	 , N N , whence N Ni i i 2 1 1 2 1 2
Ž . Ž . Ž .by 1.2 . Writing N 
QN , we see that 		  Q  M .1 2
1.4. Dimension One. For the remainder of this section we concentrate
on the following special case: R is a one-dimensional local ring whose
ˆcompletion R is reduced, and M is torsion-free. If, in addition, R is a
Ž . ndomain, we will show that  M is an expanded submonoid of  . The
machinery developed here in order to prove this will be used also in the
next section. We assume throughout that R is not a discrete valuation
Ž Ž . .ring. Without this assumption, 1.5 below would be false.
˜Let R denote the integral closure of R in its total quotient ring, and let
˜ denote the conductor, that is, the largest ideal of R that is contained in
ˆ ˜R. Since R is reduced, R is finitely generated as an R-module, and we
have a pullback diagram
R R˜

. 1.4.1Ž .
 ˜R R
Ž .  The bottom line of 1.4.1 is an Artinian pair CWW , that is, a module-finite
Žextension A B of Artinian rings. Our assumption that R is not a
.discrete valuation ring means that R is not the zero ring. We denote
˜the Artinian pair R R by R . A module over the Artinian pairart
A B is a pair VW, where W is a finitely generated projective
B-module and V is an A-submodule of W satisfying BV	W. A homo-
Ž . Ž . Ž Ž . .morphism from V W to V W both of them A B -modules1 1 2 2
is by definition a B-module homomorphism W W carrying V into V .1 2 1 2
DIRECT-SUM DECOMPOSITIONS 87
Every finitely generated torsion-free R-module N arises as a pullback:
 ˜N RN

, 1.4.2Ž .
 ˜NN RNN
˜ ˜ ˜ ˜Ž . Žwhere RN is the projective R-module R N torsion. RN is projec-R
˜tive because R is a direct product of Dedekind domains, one for each
. Ž .minimal prime ideal of R. The bottom line of 1.4.2 is an R -module;art
we denote it by N . We record the following facts:art
1.5. PROPOSITION. Let R be a one-dimensional local ring with reduced
ˆcompletion R. Assume that R is not a discrete aluation ring.
Ž .1 Gien two finitely generated torsion-free R-modules N , N , we hae1 2
N N if and only if N N .1 2 1art 2art
Ž .2 Gien an R -module VW, there exists a finitely generatedart
Ž .torsion-free R-module N such that N  VW if and only if W FFart
˜for some finitely generated projectie R-module F.
Ž .3 Assume R is an integral domain. Gien an R -module VW,art
Žthere exists a finitely generated torsion-free R-module N such that N  Vart
˜.W if and only if W is free as an R-module.
Ž . Ž .  Ž . Ž .Proof. Parts 1 and 2 are included in CWW, 1.6 . To prove 3 , we
˜note that R is a semilocal Dedekind domain in this case and therefore a
Ž . Ž .principal ideal domain. Thus 3 follows from 2 .
1.6. Notation. Let  , . . . ,  be the minimal prime ideals of the1 s
ˆ ˆcompletion R, and let 
 be the field R . If N is a finitely generated,i  i
ˆ Ž . Žtorsion-free R-module, the rank rk N of N is the s-tuple dim N , . . . ,
 1 1
. Ž . Ž .dim N . We say N has constant rank r if rk N 	 r, . . . , r . Note that if
 s s
ˆŽ . Ž .A B 	 R and VW 	N , then N has constant rank r if andart art
only if W is a free B-module of rank r.
Ž  Ž ..The following theorem a very special case of LO, 6.15 was shown to
me by L. S. Levy:
1.7. PROPOSITION. Let R be a one-dimensional local ring whose comple-
ˆtion R is reduced.
Ž .1 Let N be a finitely generated R-module. Then N is torsion-free if and
ˆ ˆonly if N is a torsion-free R-module.
Ž .2 Assume R is an integral domain. Let N be a finitely generated
ˆ ˆtorsion-free R-module. Then NQ for some finitely generated R-module Q if
and only if N has constant rank.
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Ž .Proof. 1 If N is torsion-free, then N can be embedded in a finitely
ˆ ˆ ˆgenerated free R-module F. Then N is embedded in the free R-module F
ˆand therefore is torsion-free. Suppose, conversely, that N is torsion-free as
ˆan R-module. If c R is a non-zero-divisor, then c is still a non-zero-di-
ˆ ˆŽ .visor in R by flatness . Therefore multiplication by c is injective on N and
a fortiori injective on N.
Ž .2 We may assume that R is not a discrete valuation ring. We first
˜ ˆshow that the completion T of R is the integral closure of R. To see this,
ˆ ˜Ž .we note that we can compute both completions R R and R T with
˜respect to powers of the conductor . Since R is a finite birational
ˆextension of R, T is a finite birational extension of R. Further, T is a
direct product of finitely many discrete valuation rings, being the comple-
˜tion of the semilocal Dedekind domain R. Therefore T is integrally closed
ˆand hence is the integral closure of R.
ˆNext note that  is the conductor of R in its integral closure T. Itˆ
ˆ ˆfollows that R 	 R , and that Q 	Q for every finitely generatedart art art art
Žtorsion-free R-module since the completion of the pullback diagram
ˆ ˆŽ . .1.4.2 for Q is the pullback diagram for the R-module Q .
Now let Q be any finitely generated torsion-free R-module, and let
˜Ž .VW 	Q . Since R is a domain, W is free as an R-module byart
ˆŽ . Ž .1.5 . By the last sentence in 1.6 , Q has constant rank. This proves the
Ž .‘‘only if’’ part of 2 .
ˆTo prove the converse, let N be an R-module of constant rank, and let
Ž . Ž .VW 	N . Then W is a free R-module, so by 1.5 there is aart
Ž .finitely generated torsion-free R-module Q such that Q  VW .art
ˆ ˆŽ . Ž . Ž .Then Q  VW 	N . By 1 of 1.5 , QN.art art
1.8. COROLLARY. Let R be a one-dimensional local domain with reduced
completion, and let M be a finitely generated torsion-free R-module. Then
Ž . n M is an expanded submonoid of  .
Ž . n nProof. Write  M 	G , where G is the subgroup of  gener-
Ž . n n Ž .ated by  M . Let E	G . We will show that E 	 M . If
Ž . n		 c , . . . , c  E , then t	G for some positive integer t. But1 n
n Ž . Žthen t	G 	 M . Now let N	 c L 
 
 c L where the1 1 n n
. Ž .L are as in the second paragraph of this section . Since t	 M , tNi
Ž . Ž . Ž .has constant rank by 2 of 1.7 . Then N has constant rank, and 	 M
Ž . Ž .by 2 of 1.7 .
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2. REALIZATION OF EXPANDED SUBMONOIDS OF n
The goal in this section is to prove the following companion to Corol-
lary 1.8:
2.1. THEOREM. Let n be a positie integer, and let  be an expanded
n Ž .submonoid of  . Assume that  contains an element 	 a , . . . , a in1 n
which each a is positie. Then there exist a one-dimensional local domain Ri
with reduced completion and a finitely generated torsion-free R-module M
Ž . Ž . Ž .  such that  M 	 and the isomorphism  : M  M takes M
to  .
The proof depends on a technical lemma, which is based on a construc-
 tion due to Drozd and Roıter DR . The reader might find it helpful toˇ
 consult CWW , in particular, the proof of Proposition 2.6, which is the
case s	 1 of the following lemma:
2.2. LEMMA. Let  be a field, and let D , . . . , D be non-triial finite-di-1 s
mensional -algebras. Assume that there exist elements a , b D such that1 1 1
 2 41, a , a , b is linearly independent oer . Put D	D  D . Let1 1 1 1 s
r , . . . , r be non-negatie integers with r  0 and r  r for i	 2, . . . , s;1 s 1 1 i
and let W 	 r D , the free D -module of rank r . Then there exists ani i i i i
Ž .indecomposable D -module VW, where W	W  W .1 s
Proof. Let C	 r  be the -vector space of r  1 column vectors.1 1
Define the ‘‘truncated diagonal’’ map  : CW, which sends the column
 t  tc , . . . , c to the element of W whose ith coordinate is c , . . . , c . Put1 r 1 r1 i
Ž . Ž .a	 a , 0, . . . , 0 and b	 b , 0, . . . , 0 . For i	 1, . . . , s, let  be the1 1 i
nilpotent r  r matrix with 1’s on the subdiagonal and 0’s elsewhere. Leti i
Ž .V be the -subspace of W consisting of elements of the form  u 
Ž . Ž .a   b   , where u and  range over C. Roughly speaking, the idea1
is to make V big enough so that DV	W, yet small enough so that the
proof of indecomposability depends only on the first coordinate.
Ž .Let us first verify that DV	W. Let w	 w , . . . , w W	W  1 s 1
ŽW . Here each w is an r  1 column of elements of D . Of courses i i i
.w 	 0 if r 	 0. We want to show that wDV. Fix a coordinate i withi i
r  0, and fix an index k, 1 k r . We may harmlessly assume thati i
Ž .1 w 	 0 if j i,j
Ž .2 the kth entry of w is 1, andi
Ž .3 the lth entry of w is 0 if l k,i
since every element of W is a D-linear combination of such elements. Let
 4eD be the idempotent with support i , and let u C have 1 as its k th
Ž . Ž .entry with 0’s elsewhere. Then taking  	 0 C we see that  u  V
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Ž .and w	 e u DV. We have shown, in fact, that W is generated as a
Ž .D-module by elements of the form  u , u C.
To show that VW is indecomposable, let  be an idempotent
D-endomorphism of W carrying V into V. We want to show that 	 0 or
Ž . Ž Ž ..1 the identity map . It will suffice to show that either   u 	 0 for all
Ž Ž .. Ž .u C or else   u 	  u for all u C.
Ž . Ž Ž .. Ž .Given u C, we have  u  V, so we can write   u 	  u 
Ž  . Ž  .   a u  b  u for suitable elements u , u  C. The elements u and1
 Žu are uniquely and linearly determined by u by the linear independence
 4.of 1, a , b . Therefore there exist r  r matrices  and  with entries1 1 1 1
in  such that
  u 	   u  a  u  b   u 2.2.1Ž . Ž . Ž . Ž . Ž .Ž . 1
for all u C. Similarly, there are r  r matrices  and  over  such1 1
that
 a   b   	    a   b   2.2.2Ž . Ž . Ž . Ž . Ž . Ž .Ž .1 1
for each   C.
Ž .Applying 2.2.1 with u  and u   , and using the fact that  is1
Ž .D-linear, we can rewrite 2.2.2 as
a     a2    ab    Ž . Ž . Ž .Ž . . Ž . .1 1
 b       b2    	   2.2.3Ž . Ž . Ž . Ž .Ž .1 1 1 1
for each   C.
We claim that  j k	 0 for all j, k 0. Since this holds if either j r1 1 1
or k r , we may assume inductively that  j1 k	 0 and  j k1	 0.1 1 1 1 1
Ž . Ž . Ž . Ž .Put 	  , . . . ,   End W , and note that   	   for each1 s D 1
k Ž . j  C. Now we replace  by   in 2.2.3 , apply  to both sides of the1
resulting equation, and use the inductive hypothesis, to get
a  j    k  a2  j k  b  j k1  j1 k Ž .Ž . Ž . Ž .Ž .1 1 1 1 1 1 1 1
	   j  k 2.2.4Ž .Ž .1 1
 2 4for all   C. The linear independence of 1, a , a , b over  now shows1 1 1
that  j k	 0, and the claim is proved.1 1
Ž .Setting j	 k	 0, we see that 	 0. Now 2.2.1 becomes
  u 	   u 2.2.5Ž . Ž . Ž .Ž .
Ž .for all u C; and 2.2.3 simplifies to
a     b      	   2.2.6Ž . Ž . Ž . Ž .Ž . Ž .1 1
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 4for all   C. Using linear independence of 1, a , b we see that 	 0,1 1
	 , and  	  . Thus  commutes with the non-derogatory matrix1 1
  and therefore belongs to   . Since  is by assumption idempotent, it1 1
Ž .  follows from 2.25 that  is idempotent as well, and since   is local, 1
Ž .must be either zero or the identity. Now 2.2.5 gives the desired result.
We will apply this lemma to the following specific ring:
2.3. The Ring. Let s be a positive integer, and let  be any field with at
least s distinct elements t , . . . , t . Let S be the complement of the union1 s
Ž .  of the maximal ideals X t  X , i	 1, . . . , s. We define R	 R byi s
pullback diagram
1  R S  X

2.3.1Ž .

1 4 4   Ž . Ž . S  X  X t    X t ,1 s
where  is the natural map. Then R is a one-dimensional local domain
Ž .with reduced completion, and 2.3.1 is the conductor square for R. We
can rewrite the bottom line R as D  D where D 	art 1 s i
  Ž 4. X  X . The conductor square for the completion is

Rˆ T   T1 s

2.3.2Ž .

 D  D ,1 s
 where each T is isomorphic to  X .i
2.4. PROPOSITION. For any non-triial sequence of non-negatie integers
ˆ Ž .r , . . . , r , the complete ring R, where R	 R is as in 2.3 , has an indecom-1 s s
Ž . Ž .posable, finitely generated, torsion-free module N with rk N 	 r , . . . , r .1 s
Proof. We may assume, by symmetry, that r  r for i	 2, . . . , s. Let1 i
F	 r T   r T , a projective module over T T   T . Let1 1 s s 1 s
ˆ Ž .VW be the indecomposable R -module supplied by 2.2 . Since FFart
ˆŽ . Ž . ŽW, there exists, by 2 of 1.5 , a torsion-free R-module N unique up to
. Ž .isomorphism such that N  VW . Since N is indecomposableart art
ˆand the conductor is the maximal ideal of R, Nakayama’s lemma implies
that N is indecomposable.
n Ž . n mProof of Theorem 2.1. Write 	 Ker  , where  :  is
 a linear transformation. We regard  as an m n matrix q , and wei j
can assume without loss of generality that the entries of  are in . Select
a positive integer h such that q  h 0 for all i, j. Let R be the ring ofi j
Ž .2.3 , with s	m 1.
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Ž .For j	 1, . . . , n, choose, using 2.4 , an indecomposable, finitely gener-
ˆated, torsion-free R-module L such thatj
rk L 	 q  h , . . . , q  h , h , j	 1, . . . , n.Ž . Ž .j 1 j m j
Ž . nSuppose now that 	 b , . . . , b  . If N	 b L 
 
 b L then1 n 1 1 n n
n n n
rk N 	 q  h b , . . . , q  h b , b h .Ž . Ž . Ž .Ý Ý Ý1 j j m j j jž /ž /j	1 j	1 j	1
Ž .Therefore, by 1.7 , N is extended from an R-module if and only if
n Ž . Ž n . nÝ q  h b 	 Ý b h for 1 im, that is, if and only if j	1 i j j j	1 j
Ž .Ker  	.
Ž .Let M be the finitely generated R-module unique up to isomorphism
ˆ Ž Ž .such that M a L 
 
 a L where 	 a , . . . , a  is the given1 1 n n 1 n
. Ž . Ž .element with each a  0 . Then  M 	 and  M 	  , as desired.i
n ŽIt is interesting to note that every full submonoid of  is isomorphic as
. Ž .an abstract monoid to  M for some finitely generated torsion-free
 module M over a one-dimensional local ring R. Recall BH that a positie
normal monoid is a monoid  such that
Ž .1  is finitely generated;
Ž . n2  is isomorphic to a submonoid of  for some n; and
Ž . Ž3 if na  for some positive integer n and some   the
.group universally associated to  , then  .
The following characterization of positive normal monoids is the subject
 of Exercise 6.4.16 in BH :
2.5. PROPOSITION. These conditions on a monoid  are equialent:
Ž .1  is a positie normal monoid.
Ž . m2  is isomorphic to a full submonoid of  for some m.
Ž . n3  is isomorphic to an expanded submonoid of  for some n.
Ž . Ž . Ž . Ž . Ž .Obviously 3  2  1 . The implication 2 implies 3 is due to
Hochster and is the crux of the proof. For a simple example illustrating the
Ž . 2procedure, consider the full but not expanded submonoid of  consist-
Ž . Ž .ing of all pairs a, b satisfying a b mod 3 . This is isomorphic to the
3 Ž .expanded submonoid of  consisting of all a, b, c satisfying the equation
a 2b	 3c.
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2.6. COROLLARY. The following conditions on a monoid  are equialent:
Ž .1  is a positie normal monoid.
Ž . Ž .2  is isomorphic to  M for some finitely generated module M
oer a local ring R.
Ž . Ž .3  is isomorphic to  M for some finitely generated torsion-free
module oer a one-dimensional local domain with reduced completion.
Ž . Ž . Ž . Ž . Ž . Ž .Proof. Obviously 3 implies 2 , and 2 implies 1 by 1.3 and 2.5 .
Ž . Ž .To prove that 1 implies 3 , we may assume that  is non-zero and, by
Ž . n n2.5 , that 	 L for some -subspace L of  . The problem is that
L might not contain a strictly positive element. Among all elements of ,
Ž .choose an element 	 b , . . . , b with the greatest number of positive1 n
entries. By renumbering, we may assume that b  0 for i	 1, . . . , t andi
Ž .b 	  	 b 	 0. Then for eery element 	 a , . . . , a   wet1 n 1 n
Žhave a 	  	 a 	 0 else   would have more positive entriest1 n
. n t Žthan  . Therefore the projection  :  onto the first t coordi-
. t Ž .nates carries  isomorphically onto    L . Since  contains
Ž . Ž .the strictly positive element   , we can use 2.1 to get a suitable ring
Ž . Ž . Ž .and a module M such that  M 	 . Since  M  M and  ,
we are done.
3. REALIZATION OF FULL SUBMONOIDS OF n
Ž .Here we prove a refinement of 2.6 , where we realize a given full
submonoid of n exactly, rather than just up to isomorphism.
3.1. MAIN THEOREM. Let  be a full submonoid of n containing an
Ž .element 	 a , . . . , a with each a  0. Then there exist a two-dimen-1 n i
sional local unique factorization domain R and a finitely generated reflexie
Ž . Ž .R-module M such that  M 	 and  M 	  .
As we did in the case of expanded monoids, we will isolate the technical
crux of the proof. The following result is probably well known to algebraic
geometers, but I was unable to find a precise reference.
3.2. LEMMA. Let t be a positie integer. There is a two-dimensional,
integrally closed, complete local domain B whose diisor class group contains
Ž . Ž .a copy of t  the direct sum of t copies of the additie group  .
Ž .Ž .Proof. Choose a positive integer d such that d 1 d 2  t, and
let V be a smooth plane projective curve of degree d over . Let A be the
homogeneous coordinate ring of V for some embedding of V in 2 . Our
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Ž . Žfirst task is to compute the divisor class group Cl A . Note that A is a
 Ž . .two-dimensional integrally closed domain by H, Chap. II, Exercise 8.4 b .
10  Ž . Ž . ŽBy H, Appendix B, Sect. 5 , Pic V D 2 g  , where g	 d2
.Ž . 0Ž . 1 d 2 is the genus of V. Now Pic V is the kernel of the degree
Ž . Ž . Ž .map Pic V  , so Cl V 	 Pic V D
  , where  is the class of a
divisor of degree 1. There is a short exact sequence
0  Cl V  Cl A  0,Ž . Ž .
 in which l  maps to the divisor class 	 H.V , where H is a line in
2 Ž   . Ž . Ž . . See H, Chap. II, Exercise 6.3 . Thus Cl A  CL V  . Since 
has degree d,  dD. Since D is a divisible group there is an element
Ž .D such that d	  d . We define a surjection Cl V D
 d
Ž . Ž .by x x, 0 if xD and   , 1 . It is easy to see that the kernel of
Ž .this map is  . This shows that Cl A D
 d.
Let  be the irrelevant maximal ideal of A. By H, Chap. II, Exercise
Ž . Ž . Ž . 6.3 d , Cl A  Cl A . Let B be the -adic completion of A. By ZS,
 Ž .Chap. VIII, Sect. 13 B is an integrally closed domain. Since Cl A 
Ž . Ž . Ž .Cl B is injective by faithfully flat descent , Cl B contains a copy of
Ž .Ž .Ž . Ž .D	 d 1 d 2  , which in turn contains a copy of t  .
Proof of the Main Theorem. Put G	 n, and write G as a direct
Ž .sum of cyclic groups: G C 
 
 C . Then G embeds in t  , and1 t
Ž .therefore in Cl B , where B is the complete local domain provided by the
n Ž .lemma above. In this way we get a homomorphism  :  Cl B such
Ž .  that Ker  	 . By Heitmann’s theorem He , there is a local unique
ˆfactorization domain R B such that R	 B.
 4 n Ž .Let e , . . . , e be the standard basis for  row vectors , and choose,1 n
ˆ Ž .   Ž .for each i, a divisorial ideal L of R such that  e 	 L . If b , . . . , bi i i 1 n
n ˆ   , the divisor class of the R-module b L 
 
 b L is b L  1 1 n n 1 1
  Ž . Ž   .  Ž .b L 	  b , . . . , b . See B, Chap. VII, Sect. 4.7 . By We, 1.5 ;n n 1 n
RWW, Proposition 3 , the module b L 
 
 b L is extended from an1 1 n n
R-module if and only if its divisor class is trivial, that is, if and only if
Ž . nb , . . . , b   	. We let M be the finitely generated R-mod-1 n
ˆule such that M a L 
 
 a L , and the proof is complete.1 1 n n
4. A NON-COMMUTATIVE EXCURSION
Suppose E is a not necessarily commutative semilocal ring, that is, EJ
Ž .is Artinian where J is the Jacobson radical of E . Then EJ, being
semisimple Artinian, has only finitely many non-isomorphic simple right
modules, say X , . . . , X , and every finitely generated right EJ-module is1 n
uniquely a direct sum of copies of these. Given a finitely generated
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projective right E-module P, write PPJ a X 
 
 a X . The map1 1 n n
  Ž . : P  a , . . . , a is an isomorphism between the monoid P of iso-1 n E
Žmorphism classes of finitely generated projective right E-modules with 

. Ž . n Žas the operation and its image  E , a full submonoid of  . This
depends on the facta consequence of Nakayama’s lemmathat P Q if
and only if PPJ QQJ, for finitely generated projective right E-modules
  .P and Q. See FS .
Ž .Since every simple right EJ-module is a direct summand of EJ,  E
Ž Ž ..contains an element namely  E all of whose coordinates are positive.
 Facchini and Herbera FH show conversely that every full submonoid 
of n containing such an element actually arises in this fashion. We will
give a new proof of this fact using our Main Theorem 3.1. The new twist is
that the semilocal ring realizing a given monoid can be taken to be
module-finite over its center. In the following result, only the last state-
 ment is new; the rest is due to Facchini and Herbera FH :
4.1. THEOREM. Let  be a full submonoid of n and assume  contains
Ž .an element 	 a , . . . , a with each a  0. Then there exists a semilocal1 n i
Ž . Ž .ring E such that EJ has exactly n simple modules,  E 	, and  E 	
 . Moreoer, E can be taken to be the endomorphism ring of a finitely
generated reflexie module oer a commutatie Noetherian local unique
factorization domain of dimension 2.
Ž .Proof. Choose, by 3.1 , a two-dimensional local unique factorization
Ž .domain R and a finitely generated reflexive module M such that  M 	
Ž . and  M 	  . Let E be the endomorphism ring of M. There is an
Ž .  isomorphism  : M  P taking the isomorphism class N toE
 Ž .     ŽHom M, N . The inverse map takes P to P M . Andreas DressR E
ˆ ˆ ˆ  . Ž .used this isomorphism in a 1969 paper D . Let E	 R E	 End M .ˆR R
ˆ ˆ ˆThen J R J is the Jacobson radical of E, and since EJ has finiteR
ˆ ˆlength as an R-module the natural map EJ EJ is an isomorphism.
ˆ ˆSince E is module-finite over the Henselian local ring R, the natural map
P P is an isomorphism.ˆ ˆ ˆE E J
ˆ ŽLet L , . . . , L be the distinct indecomposable summands of M as in1 n
ˆ. Ž .Section 1 , and let P 	Hom M, L . The P are the distinct indecom-ˆi R i i
posables in P . If we let Q P correspond to P via the naturalEˆ i E J i
 
isomorphisms P P P , we see that Q , . . . , Q are the distinctˆ ˆ ˆE J E J E 1 n
simple modules in P . The following commutative diagram completesE J
the proof:
 Ž . Ž . M  M

 	
  
Ž .P  EE
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Artinian Modules. Suppose now that M is an Artinian right R-module,
Ž .where R is an arbitrary ring not necessarily commutative or Noetherian .
Ž .We can define the monoid M exactly as in the beginning of this paper.
  Ž .A result of Camps and Dicks CD says that E End M is semilocal.R
Ž . Ž .As in the proof of 4.1 ,  M P , which is a positive normal monoid,E
by the first paragraph of this section. In fact, every positive normal monoid
arises in this way. The key result is due to Facchini et al. FHLV, Corollary
1.3 : Given any module-finite algebra A over a commutative semilocal ring
Ž .R, there exists a cyclic Artinian module N over some ring with End N 
A. Letting A be the endomorphism ring of the module M constructed in
Ž .the proof of the Main Theorem 3.1 , we obtain the following extension of
Corollary 2.6 and Theorem 4.1:
4.2. COROLLARY. The following conditions on a monoid  are equialent:
Ž .1  is a positie normal monoid.
Ž . Ž . Ž .2  N for some cyclic Artinian module N oer some ring.
Ž .3 P for some semilocal ring E.E
Ž . Ž .4  M for some finitely generated module oer a commutatie
Noetherian semilocal ring.
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